In a radiation-dominated universe, dark matter kinetically decouples from Standard Model particles when the momentum-transfer rate equals the expansion rate. However, dark matter may kinetically decouple during an early matter-dominated era (EMDE), which occurs when the energy content of the Universe is dominated by either an oscillating scalar field or a semi-stable massive particle before Big Bang Nucleosynthesis. Until now, it has been assumed that kinetic decoupling during an EMDE happens similarly to the way it does in a radiation-dominated era. We show that this is not the case. By studying the evolution of the dark matter temperature, we establish a quasi-decoupled state for dark matter in an EMDE, during which the dark matter temperature cools faster than the plasma temperature but slower than it would if the dark matter were fully decoupled. The dark matter does not fully decouple until the EMDE ends and the Universe becomes radiation dominated. We also extend the criteria for quasi-decoupling to other non-standard thermal histories and consider how quasi-decoupling affects the free-streaming length of dark matter.
Introduction. Weakly interacting massive particles (WIMPs) are prime candidates for cold dark matter. WIMPs interact with other Standard Model (SM) particles solely via the electroweak force, which allows them to lose contact with the relativistic plasma as early as one second after the Big Bang. This loss of contact, known as kinetic decoupling, occurs when the momentum-transfer rate, γ, between WIMPs and SM particles equals the Hubble expansion rate, H:
which defines the kinetic decoupling temperature T kd [1] . In a radiation-dominated (RD) universe, the kinetic decoupling temperature marks the point after which dark matter (DM) begins to free-stream as a kinetically distinct species of particle, and the timing of kinetic decoupling sets the cutoff scale in the matter power spectrum [1] [2] [3] [4] [5] [6] [7] . The small-scale cutoff, in turn, fixes the mass of the smallest protohalos that can form at high redshift [1] [2] [3] [4] [5] [6] [7] [8] .
Recently, several investigations have explored the possibility that the Universe was not radiation dominated when DM kinetically decoupled from the plasma [9] [10] [11] [12] [13] [14] [15] [16] [17] . Big Bang Nucleosynthesis (BBN) requires the Universe to be radiation dominated at a plasma temperature of T ≃ 3 MeV [18] [19] [20] [21] , but the evolution of the Universe at higher temperatures is unknown. Both delayed inflationary reheating and the presence of gravitationally coupled scalar fields support the possibility that the Universe could have been dominated by an oscillating scalar field prior to BBN. Since scalar fields that oscillate around the minimum of a quadratic potential behave like a pressureless fluid, these scenarios include an early matter-dominated era (EMDE) prior to BBN [22] [23] [24] [25] [26] [27] [28] (see Ref. [29] for a recent review). If DM is produced thermally from interactions with SM particles in the plasma, * Electronic address: isaac14@live.unc.edu then an EMDE raises the value of T kd relative to its value in a RD era, which leads to a smaller cosmological horizon at decoupling and a smaller free-streaming length [9] . However, if DM is produced non-thermally through energy injection from a decaying scalar field, then an EMDE can lower the value of T kd and make the transition from fully coupled to fully decoupled less sharp [10] . Most recently, Ref. [12] derived analytic expressions for how the DM temperature evolves during an EMDE and other non-standard thermal histories.
The study of DM kinetic decoupling in an EMDE has received much attention recently because it has been shown that an EMDE enhances the small-scale matter power spectrum and boosts the abundance of microhalos if DM kinetically decouples before reheating [13] [14] [15] [16] .
1
Matter perturbations that enter the horizon during radiation domination grow logarithmically with scale factor, but they grow linearly during an EMDE.
2 The resulting enhancement in the small-scale matter power spectrum significantly increases the abundance of microhalos at high redshift (z 100) [13, 16] , which can boost the DM annihilation rate by many orders of magnitude [16] . Such a boost to the annihilation rate can bring formerly untestable DM candidates, such as Binos in models with an intermediate Higgs sector and heavy supersymmetry, firmly within reach of current and future observations [17] .
In this short paper, we reconsider the differential equation governing the evolution of the DM temperature, T χ . All prior analyses of DM kinetic decoupling in an EMDE assume that DM fully decouples when γ < H, just as it does in a RD universe. We show that this is not the case: at plasma temperatures T < T kd in an EMDE, T χ decays faster than T , but slower than (1/a 2 ), which implies that DM does not fully decouple in an EMDE. We highlight the key features of this quasi-decoupled state for DM in an EMDE and establish the criteria for quasi-decoupling in other non-standard cosmologies.
A quasi-decoupled state for DM is likely to have profound implications for our understanding of DM behavior in EMDE scenarios, including the growth of density perturbations in the early Universe, the free-streaming length, the abundance of microhalos, and the observational signatures of an EMDE. As a first pass at understanding these ramifications, we calculate the DM freestreaming length with quasi-decoupling in an EMDE. While the DM free-streaming length is still smaller than it would be in the absence of an EMDE, it is an order of magnitude greater than it would be if DM fully decoupled during the EMDE.
The Cosmological Framework. We work with the same cosmological framework as Ref. [12] : the plasma temperature T and scale factor a are related by
where α is a positive constant. The Hubble rate H is
where ρ is the energy density of the dominant energy source in the Universe at a given time, ν is a positive constant, and H i , T i , and a i are the expansion rate, plasma temperature, and scale factor, respectively, at some initial reference point. During an RD era, α = 1 and ν = 2 if we neglect changes in the number of relativistic degrees of freedom as the Universe cools. During an EMDE, entropy is generated by a decaying scalar field, so that the energy density of radiation scales as ρ R ∝ a −3/2 , which implies α = 3/8 [32] . Since the scalar field behaves like a pressureless fluid during an EMDE, its energy density scales as ρ φ ∝ a −3 , which forces H(a) ∝ a −3/2 and implies that ν = 4 in an EMDE. In our analysis, we restrict to thermally produced DM and neglect any energy transfer into DM from the decaying scalar field.
The kinetic decoupling of DM is governed by the elastic collision rate Γ = σv n rel between DM and relativistic particles with number density n rel . Here, σv ∝ T n is the velocity-averaged DM scattering cross section. In most WIMP models, the p -wave (n = 2) scattering channel dominates, but we maintain arbitrary n for generality. Relative to the elastic collision rate, the momentumtransfer rate, γ, is suppressed by a factor of (T /m χ ), where m χ is the mass of the DM particle: γ ≃ (T /m χ ) Γ. The suppression factor (T /m χ ) encodes the fact that it takes (m χ /T ) ≫ 1 elastic scatterings to appreciably alter the DM particle's momentum [1] . Thus, the momentumtransfer rate is given by
where γ i = γ(T i ). Lastly, since T kd is defined by Eq. (1), we denote the pre-decoupling regime by (γ/H) ≫ 1 and the post-decoupling regime by (γ/H) ≪ 1.
The Post-Decoupling Behavior of T χ . Using a Fokker-Planck equation for the DM particle occupation number f χ with the approximation 1 ± f χ ≈ 1, it can be shown that T χ satisfies the differential equation [5, 7] 
. (5) In the post-decoupling regime, (γ/H) ≪ 1, so if we drop the (γ/H) term on the l.h.s. of Eq. (5) and assume that γ/H T ≪ T χ , then T χ ∝ (1/a 2 ), and DM fully kinetically decouples from the plasma. However, the assumption that γ/H T ≪ T χ is not always valid, even in regimes where (γ/H) ≪ 1. To demonstrate this point, we solve Eq. (5) in the post-decoupling limit a dT
We can re-write T (a) and (γ/H), respectively, as T (a) = T kd a kd /a α and (γ/H) = a kd /a αβ , where a kd is the value of a at kinetic decoupling and β ≡ (4+n−ν). We restrict to the case β > 0 to guarantee that (γ/H) monotonically decreases with time.
If we perform the variable transformations g(a) ≡ (a/a kd ) 2 T PD χ (a) and y ≡ (a/a kd ), then we obtain the separable differential equation (dg/dy) = 2 T kd y [1−α(β+1)] which integrates to
where K is a constant of integration. If α(β + 1) > 2, then Eq. (7) shows that the K (a kd /a) 2 term dominates over the second term in the post-decoupling regime, such that T
2 . In other words, DM fully kinetically decouples from the plasma, which also follows from Eq. (6) if we neglect the (γ/H) T term.
The second term in Eq. (7) is proportional to (γ/H) T . If α(β+1) < 2, then the second term in Eq. (7) dominates in the post-decoupling regime, such that T PD χ ∼ (γ/H) T , and (γ/H) T in Eq. (6) cannot be approximated as zero. Under these conditions, T PD χ falls off faster than the plasma temperature, but slower than (1/a 2 ), which implies that DM never fully kinetically decouples from the plasma. Instead, DM enters a quasi-decoupled state, which represents a surprising new behavior, because all prior analyses of kinetic decoupling in non-standard cosmologies assume that DM is fully decoupled from the plasma when T < T kd . in various thermal histories. The equation of state parameter w ≡ P/ρ is defined in terms of the pressure, P , and energy density ρ of the dominant energy component. The abbreviations Λ Dom., and Matter Dom. denote cosmological constant-dominated and matter-dominated scenarios, respectively. Table I , which is based on Eq. (7), shows how the DM temperature evolves in several cosmological scenarios. An EMDE is the only cosmology listed that permits quasi-decoupling. In an EMDE, α(β + 1) = (3/8) (1 + n) is less than 2 for 1 ≤ n ≤ 4. Equation (7) to fall off faster than the plasma temperature, T = T kd a kd /a 3/8 , but slower than K a kd /a 2 . Figure 1 illustrates the quasidecoupled behavior of DM in an EMDE for p -wave scattering; this plot of T χ is obtained from the numerical solution to Eq. (5). While Eq. (7) highlights the sensitivity of a quasidecoupled state to the size of α(β + 1) relative to 2, Table  I suggests a deeper explanation for quasi-decoupling. In all thermal histories listed where entropy is conserved, such that T ∝ a −1 , quasi-decoupling is not permitted for n > 0. In an EMDE, where entropy is produced by a decaying scalar field, such that T ∝ a −3/8 , quasi-decoupling is supported for 1 ≤ n ≤ 4. Is quasi-decoupling possible in thermal histories for which entropy is conserved and is an EMDE the only entropy-producing scenario that allows quasi-decoupling? To answer these questions, we recast our treatment in terms of the parameter w ≡ (P/ρ), which we assume to be constant. First, we fix T ∝ a −1 and use ρ(a) ∝ a −3(1+w) to find w = (2/3) ν − 1. Our quasi-decoupling condition, α(β + 1) < 2, then yields w > 1 + (2/3) n, which is unphysical for n > 0 because a substance with w > 1 would signal a superluminal adiabatic sound speed c 2 s ≡ (δP/δρ) = w. Thus, quasidecoupling is not possible in thermal scenarios where entropy is conserved.
Thermal History
α(β + 1) γ/H T T PD χ ∼ Quasi-Decoupling? Λ Dom. (T ∝ a −1 , H ∝ T 0 , w = −1) 5 + n T kd a kd /a (5+n) K (a kd /a) 2 No Matter Dom. (T ∝ a −1 , H ∝ T 3/2 , w = 0) (7/2) + n T kd a kd /a [(7/2)+n] K (a kd /a) 2 No RD (T ∝ a −1 , H ∝ T 2 , w = 1/3) 3 + n T kd a kd /a (3+n) K (a kd /a) 2 No Kination (T ∝ a −1 , H ∝ T 3 , w = 1) 2 + n T kd a kd /a (2+n) K (a kd /a) 2 No EMDE (T ∝ a −3/8 , H ∝ T 4 , w = 0) (3/8) (1 + n) T kd a kd /a [(3/8) (1+n)] T kd a kd /a [(3/8) (1+n)]
Yes
In cases of entropy production, we look beyond an EMDE by searching for a condition on w that permits quasi-decoupling. If we assume the existence of a radiation field with energy density ρ R that is subdominant to a scalar field with energy density ρ φ , decay rate Γ φ , and 0 ≤ w ≤ 1, then ρ R obeys
Equation (8) implies that ρ R ∝ √ ρ φ while ρ φ ≫ ρ R , which fixes ν = 4 and yields α = (3/8) (1 + w). Applying α(β + 1) < 2 yields w < [16 − 3 (1 + n)]/[3 (1 + n)], which gives w < 5/3 for n = 1 and w < 7/9 for n = 2. Therefore, any physical value of w ≥ 0 allows quasi-decoupling for n = 1 (s -wave) scattering. For pwave scattering, which is dominant for WIMPs, quasidecoupling is permitted for all w < 7/9. For example, Table I shows that a standard Kination scenario does not permit quasi-decoupling, but a decaying Kination scenario (ν = 4, w = 1) would support quasi-decoupling if the s -wave channel dominates the elastic scattering cross section.
in the PostDecoupling Limit. We now verify that the general solution to Eq. (5) 
where s(a) = (2/αβ) (a kd /a) αβ is the decoupling parameter for β > 0, λ ≡ (2 − α)/(α β), and Γ(p, s) is the upper incomplete gamma function defined by Γ(p, s) = scale factor (a)
The evolution of the DM temperature Tχ (solid curve) and plasma temperature T (dashed curve) vs. a for n = 2 p -wave scattering in an EMDE. In the quasi-decoupled regime, Tχ decays faster than the plasma temperature, but slower than (1/a 2 ). At reheating, the EMDE gives way to radiation domination such that Tχ ∝ (1/a 2 ) and DM fully decouples from the plasma.
2 ), i.e. that DM does not fully decouple, when (γ/H) ≪ 1 in an EMDE. However, we can coax the quasi-decoupled behavior from Eq. (9) by noting that Γ(1 − λ, s) obeys the asymptotic series expansion (see Ref. [33] )
where Γ(p) = Γ(p, 0) = ∞ 0 dt t p−1 e −t for p > 0 and Γ(p) = (1/p) Γ(p + 1) for p < 0. Equation (10) (10) and s(a) = 2/αβ a kd /a αβ into Eq. (9) yields
, which is consistent with Eq. (7) for T PD χ and fixes the constant of integration, K.
Impact on Matter Power Spectrum. The existence of a quasi-decoupled phase could affect the evolution of DM perturbations in two ways. First, the DM perturbations may remain at least partially coupled to the perturbations in the relativistic plasma during the EMDE. The radiation density perturbations grow during the EMDE because they are sourced by an increasingly inhomogeneous scalar field, but they do not grow as quickly as the uncoupled DM perturbations [13] [14] [15] 30] , so any residual interactions between the plasma and the DM particles may suppress the growth of matter perturbations during the EMDE. Second, the fact that the temperature does not scale as a −2 during the EMDE implies that the velocities of the DM particles, v χ , do not scale as a −1 , which profoundly affects the calculation of the comoving DM free-streaming horizon:
(v χ /a)dt, where T 0 is the value of the plasma temperature today. The evolution of the DM and plasma perturbations lies beyond the scope of this article, but we can estimate the impact of the quasi-decoupled phase on the free-streaming horizon by assuming that v χ ∝ T χ .
For simplicity, we will restrict our analysis to pwave scattering in an EMDE. In this case, T χ ∝ a −9/8 during the quasi-decoupled phase, which implies that v χ ≃ (T kd /m χ )(a kd /a) 9/16 between decoupling and reheating. To isolate the effect of the EMDE on the postreheating velocities of the DM particles, we consider the velocity at the reheat temperature T RH , which is the temperature of the plasma when the Universe becomes radiation dominated following an EMDE. We also use the fact that T kd ≃ T 2 kdS /T RH for T kdS > T RH , where T kdS is the decoupling temperature during radiation domination [9, 16] . Since T ∝ a −3/8 during the EMDE,
5/2 . Therefore, the velocities of the DM particles are suppressed by a factor of (T RH /T kdS ) 3/2 if they quasi-decouple during an EMDE, as opposed to if they fully decouple during radiation domination. While this suppression is not as large as it would have been if the DM fully decoupled during an EMDE (in which case, the suppression factor is (T RH /T kdS ) 23/6 [16] ), it does imply that an EMDE still reduces the DM free-streaming horizon even though the DM particles do not fully decouple from the plasma. Figure 2 confirms this expectation: it shows how an EMDE affects the free-streaming horizon, which was calculated using a piecewise model for the DM velocity with v χ ∝ T χ .
Concluding Remarks. We have established a quasidecoupled state for DM in thermal histories for which entropy is produced by a decaying scalar field. We showed that quasi-decoupling is not allowed in thermal scenarios where entropy is conserved, but quasi-decoupling is permitted by all entropy-producing cosmologies which obey ν = 4 and 0 ≤ w < [16 − 3 (1 + n)]/[3 (1 + n)]. The kinetic decoupling temperature is still higher than it is in a radiation-dominated era, but it marks a transition from tightly coupled to quasi-decoupled as opposed to a shift from tightly coupled to fully decoupled.
These surprising results force us to reconsider the body of work on kinetic decoupling of DM in non-standard The comoving free-streaming horizon in an EMDE divided by the comoving free-streaming horizon in a radiationdominated universe for DM particles that would kinetically decouple at a temperature T kdS in a radiation-dominated universe. If T kdS > TRH, then the DM kinetically decouples during an EMDE. The solid curves show how the free-streaming is reduced relative to its value in a radiation-dominated universe given that the DM is quasi-decoupled during the EMDE (vχ ∝ Tχ ∝ a −9/16 ). The dashed curves show how the free-streaming horizon would be even smaller if the DM fully decoupled during the EMDE, as assumed in earlier investigations of EMDE scenarios [9] [10] [11] [13] [14] [15] [16] [17] .
thermal histories, which, until now, has been built on the assumption that DM fully decouples from the plasma when the momentum-transfer rate falls below the expansion rate. Quasi-decoupling calls all previous work on the behavior of DM during an EMDE into question and merits new investigations. We demonstrated that quasidecoupling increases the free-streaming length by an order of magnitude compared to the fully decoupled calculation, which has vast implications for the small-scale cutoff in the matter power spectrum, the size of the first microhalos, and the timing of their formation [16] . In future work, we will explore these ramifications in more detail [33] .
